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In this paper we investigate the innermost stable circular orbit (ISCO) of a spinning test particle
moving in the rotating Maxwell-dilaton black hole spacetime. By using the Mathisson-Papapetrou-
Dixon equations along with the Tulczyjew spin-supplementary condition, we find the equations of
motion in the equatorial plane and, from the radial equation, it is obtained the effective potential
for the description of the particle’s motion. The obtained trajectories show that the ISCO radii for
spinning particles moving in rotating charged backgrounds are always smaller than those obtained
in the corresponding Kerr-Newman spacetimes. The increasing in the particle’s spin produces
a decrease in the ISCO radius in all the studied cases, with a maximum value for the spin and a
corresponding minimum ISCO radius, obtained by imposing a condition that guarantees the timelike
nature of the particle’s worldline.
I. INTRODUCTION
One of the most interesting properties of the orbits
of massive particles in general relativity is that there is
a minimal radius at which they may have stable circu-
lar motion around a compact object such as black holes.
This innermost stable circular orbit (ISCO) is defined by
the geometrical properties of spacetime, i.e. the back-
ground metric, but it may be also corrected by the spin-
ning properties of the moving particle. One of the first
studies in this area was made by Suzuki and Maeda [1] in
which they considered the equatorial motion of a classical
spinning particles in both Schwarzschild and Kerr metrics
in the ”pole-dipole” approximation, obtaining the prop-
erties of the ISCO numerically. Later, Jefremov et. al.
[2] studied the same motion to find the corrections to the
ISCO radius using the approximation of small spin and
recently, Zhang et. al. [3] studied the same configura-
tion, imposing the additional condition that the velocity
of the spinning particle must remain timelike.
The apparition of the ISCO is not exclusive of gen-
eral relativity. In fact many geometric theories of gravity
with solutions representing compact objects such as black
holes have orbits of particles with similar properties. A
special case corresponds to low-energy effective field the-
ory describing string theory, which have been shown to
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contain black hole solutions with properties that are qual-
itatively different from those that appear in general rela-
tivity, but share some of the orbit motion properties. In
this work we will analyze the circular motion of a spin-
ning particle moving around the Sen black hole [4] which
is an exact solution in the low-energy effective heterotic
string theory representing a compact object with a finite
amount of electric charge and angular momentum. This
solution generalizes the charged static metric known as
the GMGHS black hole [5–8].
The work in this paper is organized as follows. In Sec-
tion 2 we give a brief review of the rotating Maxwell-
dilaton charged black hole. In Section 3 we obtain the
equations of motion for a spinning test particle in this
black hole background. For this purpose, we adopt the
tetrad formalism to find the four-momentum compo-
nents by using the conserved quantities equations associ-
ated with the corresponding Killing vectors in the tetrad
frame. Afterward, we find the four-momentum compo-
nents in the coordinate frame and based on both Rie-
mann and spin tensors calculation, we get the equations
of motion in the equatorial plane. In Section 4 we define
the effective potential of the spinning test particle and
compute numerically the Innermost Stable Circular Or-
bit (ISCO) and impose an additional constraint to ensure
that the velocity of the particle is always timelike. The
solution of these equations let us obtain the ISCO prop-
erties in terms of the spin of the test particle. Finally,
some conclusions are given in Section 5.
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2II. THE KERR-SEN BLACK HOLE
The Einstein-Maxwell-Dilaton rotating black hole so-
lution that will be considered in this work arises from
the action of low energy heterotic string theory in four
dimensions, which can be written in the string frame as
[4, 9]
S =
∫
d4x
√
−g(s)e−Φ
×
[
R+ 4∂µϕ∂µϕ− 1
8
F 2 − 1
12
H2 + Λ
]
(1)
where R is the scalar curvature, Φ is the dilaton field,
the Maxwell field Aµ enters in the term F 2 = FµνFµν
with Fµν = ∂µAν − ∂νAµ, Λ is the cosmological con-
stant and the factor H2 = HµνσH
µνσ represents a ten-
sor field related with a 2-form potential Bαβ and the
Maxwell field by Hµνσ = ∂µBνσ + ∂νBσµ + ∂σBµν −
1
4 (AµFνσ +AνFσµ +AσFµν). The stringy effects are
mediated by the factor e−Φ and therefore we obtain the
Einstein metric, through the conformal transformation
gµν = e
−Φg(s)µν .
Sen [4, 9] found a charged, stationary, axially symmetric
solution of the field equations resulting from the above
action in the Einstein frame by using target space du-
ality applied to the Kerr solution. This solution has a
vanishing field H and no cosmological constant. Its line
element, in generalized Boyer-Linquist coordinates, is
ds2 = −
(
∆− a2 sin2 θ
Σ
)
dt2 +
Σ
∆
dr2 + Σdθ2
−4µar cosh
2 α sin2 θ
Σ
dtdφ+
Ξ
Σ
sin2 θdφ2, (2)
where
∆ = r2 − 2µr + a2 (3)
Σ = r2 + a2 cos2 θ + 2µr sinh2 α (4)
Ξ = (r2 + 2µr sinh2 α+ a2)2 − a2∆ sin2 θ. (5)
The constant a = JBHM is identified with the specific an-
gular momentum of the black hole while the constants α
and µ in this expression are related with the black hole’s
mass, M , and electric charge, Q, through the relations
µ = M − Q
2
2M
(6)
sinh2 α =
Q2
2M2 −Q2 (7)
or
M = µ cosh2 α Q =
µ√
2
sinh 2α . (8)
The Kerr-Sen’s solution reduces to the static charged
GMGHS black hole [5–8] when a = 0 and becomes Kerr’s
solution when α = 0 (or equivalently, Q = 0). This
metric has an event horizon given by the biggest root of
the equation ∆ = 0. Its radius is written in terms of the
black hole parameters as
rH = M − Q
2
2M
+
√(
M − Q
2
2M
)2
− a2 . (9)
Note that, from equation (9), the horizon disappears
unless
|a| ≤M − Q
2
2M
, (10)
and therefore, there is the possibility of an extremal black
hole when Q2 = 2M(M − a) or equivalently µ = a. For
further calculations, we mention here the non-vanishing
components of the inverse metric for the Kerr-Sen solu-
tion,
gtt = − ΞΣ
∆Ξ + a2 sin2 θ
(
4r2µ2 cosh4 α− Ξ) ,
gtφ = − 2aµr cosh
2 αΣ
∆Ξ + a2 sin2 θ
(
4r2µ2 cosh4 α− Ξ) ,
grr =
∆
Σ
, gθθ =
1
Σ
,
gφφ =
(∆ csc2 θ − a2)Σ
∆Ξ + a2 sin2 θ
(
4r2µ2 cosh4 α− Ξ) .
(11)
III. EQUATIONS OF MOTION FOR A
SPINNING PARTICLE
The motion of a spinning test particle in the back-
ground of the Kerr-Sen black hole are given by the
Mathisson-Papapetrou-Dixon equations [10–12],
DPµ
Dτ
= −1
2
Rµνρσu
νSρσ (12)
DSµν
Dτ
= Pµuν − P νuµ, (13)
where
uµ =
dxµ
dτ
(14)
is the 4-velocity of the test particle while Pµ is its 4-
momentum and Rµνρσ is the Riemann tensor of the Kerr-
Sen metric. The antisymmetric tensor Sµν = −Sνµ is the
spin tensor of the test particle, which gives its spinning
angular momentum, s, through the relation
s2 =
1
2
SµνSµν . (15)
3There is also a freedom in the choice of a spin-
supplementary condition which may produce different
trajectories [3]. In this work, we will choose the Tul-
czyjew spin-supplementary condition,
PµS
µν = 0, (16)
which restricts the spin tensor to generate only rotations
[13]. It is also important to note that, although the mo-
mentum vector of the orbiting particle satisfies the nor-
malization condition PµP
µ = −m2, the particle’s veloc-
ity may not. In fact, when the orbiting particle is spin-
ning, its momentum vector is not always parallel to its
velocity vector and therefore the later may be timelike or
spacelike along the trajectory.
In order to obtain the equations of motion for a spin-
ning test particle in the Kerr-Sen spacetime, we proceed
by defining a local orthonormal tetrad such that the met-
ric in Eq. (2) writes
gµν = η(a)(b)e
(a)
µ e
(b)
ν , (17)
where the latin indices label the tetrad. Hence, the tetrad
components are
e(0)µ dx
µ =
√
∆
Σ
(
dt− a sin2 θdφ)
e(1)µ dx
µ =
√
Σ
∆
dr
e(2)µ dx
µ =
√
Σ dθ (18)
e(3)µ dx
µ =
a sin θ√
Σ
[
− adt+ (r2 + 2µr sinh2 α+ a2) dφ ] ,
while the inverse elements are obtained using the relation
eµ(a) = η(a)(b)e
(b)
ν g
µν . (19)
giving
eµ(0)∂µ =
√
∆Σ
(
Ξ− 2a2rµ cosh2 α sin2 θ)
∆Ξ + a2 sin2 θ
(
4r2µ2 cosh4 α− Ξ)∂t −
√
∆Σa
(
a2 sin2 θ − 2rµ cosh2 α−∆)
∆Ξ + a2 sin2 θ
(
4r2µ2 cosh4 α− Ξ) ∂φ
eµ(1)∂µ =
√
∆
Σ
∂r (20)
eµ(2)∂µ =
1√
Σ
∂θ
eµ(3)∂µ = −
a
(
2a2µr cosh2 α+ 2µr3 cosh2 α+ 4µ2r2 sinh2 α cosh2 α− Ξ)√Σ sin θ
∆Ξ + a2 sin2 θ
(
4r2µ2 cosh4 α− Ξ) ∂t
+
√
Σ csc θ
{
∆
[
a2 + r
(
r + 2µ sinh2 α
)]
csc2 θ − a2 [a2 + r(r − 2µ)] }
∆Ξ csc2 θ + a2
(
4r2µ2 cosh2 α− Ξ) ∂φ
If the test particle moves on the equatorial plane, equa-
tions (12) and (13) imply that the only nonvanishing
component of the spin vector is s(2) = −s [14]. There-
fore, the nonvanishing components of the spin tensor in
the tetrad frame are,

S(0)(1) = −sP (3) = −S(1)(0)
S(0)(3) = sP (1) = −S(3)(0)
S(1)(3) = sP (0) = −S(3)(1)
(21)
Note that in the Kerr-Sen black hole there are two
Killing vectors, ξµ ≡ (1, 0, 0, 0) and φµ ≡ (0, 0, 0, 1). In
the tetrad frame, the components of these vectors are
ξ(a) ≡
(√
∆
Σ
, 0 , 0 , −a sin θ√
Σ
)
, (22)
φ(a) ≡
(
−a
√
∆
Σ
sin2 θ , 0 , 0 ,
sin θ√
Σ
√
Ξ + a2∆ sin2 θ
)
.
For a spinning test particle, the conserved quantity
corresponding to a given Killing vector ζ is
Cζ = P
µζµ − 1
2
Sµν∇µζν . (23)
Using (23) in the tetrad frame and using the antisym-
metry relation of the spin tensor together with the Killing
4equation ∇(µ)ζ(ν) = −∇(ν)ζ(µ), the conserved quantities
associated with the Killing vectors ξ and φ are the en-
ergy Cξ = E and the angular momentum Cφ = J . The
equations for these constants of motion are,
−E = −P (0)ξ(0) + P (3)ξ(3) + sP (3)∇(0)ξ(1) , (24)
J = −φ(0)P (0) + φ(3)P (3) + sP (3)∇(0)φ(1)
− sP (0)∇(1)φ(3) , (25)
where the nonvanishing components of the covariant
derivatives of the Killing vectors in the tetrad frame are
given by1
∇(0)ξ(1) = −
µ cosh2 α
(
a2 cos2 θ − r2)
Σ2
,
∇(0)φ(1) = −a sin θ
[
r
(
2
(
r + µ sinh2 α
)2 − r2 + µr)
+ a2 cos2 θ(r − µ)
]/
Σ2 , (26)
∇(1)φ(3) =
√
∆ sin θ (r + µ sinh 2α)
Σ2
.
In order to study the circular motion of the spinning
particle, we will consider equatorial motion, i.e. θ = pi2 ,
and therefore P (2) = P (θ) = 0. Using the conservation
equations (24)-(25) and the relation P (a)P(a) = −m2, the
components of the 4-momentum of the spinning particle
in the tetrad frame are
P (0) =
Σ0√
∆
X
Z
, P (1) = ±
√R√
∆Z
,
P (2) = 0 , P (3) = Σ20
Y
Z
,
(27)
where
X =
[√
Σ50 +
√
Σ30a
2 + sarF
]
E
−
[
sµr2 cosh2 α+
√
Σ30a
]
J
Y =
√
Σ0J −
[
s(r + µr sinh2 α) +
√
Σ0a
]
E
Z = Σ30 − s2µr2 cosh2 α(r + µ sinh2 α)
(28)
with
Σ0 = r
2 + 2µr sinh2 α
F = r2 + 4µr sinh2 α+ 2µ2 sinh4 α+ µr
(29)
1 Equations for the tetrad components and the covariant deriva-
tives of the Killing vectors are given here to correct some typos
appearing in the work of An et. al. [15].
and
R = Σ20X2 − Σ40Y 2∆−m2Z2∆ . (30)
The 4-momentum components in the coordinate frame
are obtained through the projection Pµ = eµ(a)P
(a), giv-
ing
P 0 =
√
Σ30
Z
[
∆Ξ0 + a2(4µ2r2 cosh
4 α− Ξ0)
]
× {(Ξ0 − 2µa2r cosh2 α)X
+
[
Ξ0 − 2µr cosh2 α(a2 + r2 + 2µr sinh2 α)
]
aΣ0Y
}
,
P 1 = ±
√R√
Σ0Z
, P 2 = 0 , (31)
P 3 =
√
Σ30
Z
[
∆Ξ0 + a2(4µ2r2 cosh
4 α− Ξ0)
]
× {(∆ + 2µr cosh2 α+ a2) aX
+
(
∆[a2 + r(r + 2µ sinh2 α)]− a2[a2 + r(r − 2µ)])Σ0Y } .
Using the Tulczyjew spin-supplementary condition
(16), the components of the spin tensor are
S01 = −S
31P3
P0
, S03 =
S31P1
P0
, (32)
and after expanding equation (15) and replacing (32) we
obtain,
S31 =
sP0
m
√
g22
−g (33)
where g = det(gµν). Therefore, the nonvanishing spin
tensor components in the Kerr-Sen background can be
written as 
S01 = −S01 = sP3
m
√
Σ0
S03 = −S30 = − sP1
m
√
Σ0
S31 = −S13 = sP0
m
√
Σ0
.
(34)
The equations of motion in (12)-(13) can be expressed
in terms of the spin tensor components as
P 0r˙ − P 1 = 1
2
s
m
√
Σ0
g3µR
µ
ναβu
νSαβ
+
sP3(r + µ sinh
2 α)
mΣ
3/2
0
r˙ (35)
P 0φ˙− P 3 = −sP1
m
(r + µ sinh2 α)
Σ
3/2
0
r˙
− 1
2
s
m
√
Σ0
g1µR
µ
ναβu
νSαβ (36)
5The nonvanishing components of the Riemann tensor
relevant in these equations are presented in the appendix.
Substituting these values, the nonzero components of the
4-velocity are
r˙ = P 1
[
1 +
s2g11
m2Σ0
R3003
] [
P 0 +
s2
m2Σ0
R3113P0
+
s2
m2Σ0
R3101P3 − s
m
r + µ sinh2 α
Σ3/2
P3
]−1
(37)
φ˙ =
[
P 3 +
s2
m2Σ0
(R1001P3 +R1013P0)
− sP1
m
√
Σ0
r + µ sinh2 α
Σ0
r˙
]
×
[
P 0 − s
2
m2Σ0
(R1301P3 +R1313P0)
]−1
. (38)
IV. ISCO OF A SPINNING PARTICLE MOVING
AROUND THE KERR-SEN BLACK HOLE
In order to determine the ISCO for a spinning test
particle in the Kerr-Sen geometry, we consider the square
of P 1, which can be factorized, introducing the specific
energy and angular momentum of the particle, e = Em
and j = Jm , as
(P 1)2 =
m2
Σ0Z2
(
Ae2 +Be+ C
)
=
m2A
Σ0Z2
(
e− −B +
√
B2 − 4AC
2A
)
×
(
e+
B +
√
B2 − 4AC
2A
)
(39)
where A, B and C are:
A = Σ20
[
K21 −∆Σ20K23
]
(40)
B = 2Σ20j
[
K1K2 −∆Σ20K3K4
]
(41)
C = Σ20j
2
[
K22 −∆Σ20K24
]− Z2∆ (42)
and K1, K2, K3, K4 are defined as
K1 = Σ
5/2
0 + Σ
3/2
0 a
2 − sarF (43)
K2 = sµr
2 cosh2 α− Σ3/20 a (44)
K3 = s(r + µ sinh
2 α)− Σ1/20 a (45)
K4 = Σ
1/2
0 . (46)
Since r˙ is parallel to P 1, the condition for circular or-
bits, r˙ = 0, implies that P 1 = 0 and therefore it is pos-
sible to define an effective potential for the spinning test
particle in the Kerr-Sen spacetime as
Veff =
−B +√B2 − 4AC
2A
. (47)
The typical behaviour of this effective potential is
shown in Figure 1. The chosen parameters are such
that the spinning test particle has angular momentum
l = 4 and the black hole has a = 0.25 and Q = 0.25 and
the curves correspond to different values of the particle’s
spin, s.
 1
 1.1
 1.2
 5  10  15  20  25
V e
ff
r
s = 1.0 
s = 0.5 
s = 0.0 
s = -0.5
s = -1.0
FIG. 1. Effective potential for a spinning test particle with
different spin in Kerr-Sen geometry with parameters set as
l = 4, a = 0.25 and Q = 0.25
Using equation (47) together with the conditions
dVeff
dr
= 0
d2Veff
dr2
= 0 , (48)
it is possible to obtain the parameters s, e and j defining
the ISCO for the spinning test particle. However, there
is one more thing to take into account. As we mention
above, since the orbiting particle is spinning, its momen-
tum vector Pµ is not always parallel to its velocity uµ.
Therefore, in order to ensure the motion of the test par-
ticle to be physical, we will also impose a superluminal
constraint,
u2
(u0)2
=
uµuµ
(u0)2
= g00 + g11r˙
2 + 2g03φ˙+ g33φ˙
2 < 0. (49)
A. Spinning Particle in Schwarzschild’s
Background
Setting a = 0 and Q = 0 in equation (2) it is recovered
the Schwarzschild black hole. By solving numerically the
ISCO equations for different values of s, it is obtained
the orbit radius rISCO, the specific angular momentum
lISCO, and the specific energy eISCO, as shown in Figure
2. The vertical line at s ≈ 1, 6518 divide the plot in
6two parts according to the norm of the velocity vector;
for values in the unshaded side, the velocity is timelike
and the motion is physically possible, while values of the
parameters in the shaded side of the plot give a spacelike
velocity vector and hence, a non-physical motion.
−2 −1 0 1 2
s
0
2
4
6
8
r
,
l
,
e
Spacelike
rISCO
lISCO
eISCO
FIG. 2. ISCO parameters in terms of the spin s for a spinning
test particle moving in Schwarzschild’s geometry.
Note that non-spinning particles, s = 0, move at an
ISCO with the well known radius rISCO = 6M . As the
particle’s spin increases, the ISCO radius decreases,
reproducing the results in [2] and [3]. This result
can be understood noting that, when the particle
has some positive value of spin, it adds an intrinsic
contribution to the total angular momentum, allowing
it to get closer to the compact object. This fact is
stressed in the curve of the specific angular momentum,
which also decreases as the spin increases. Similarly,
the specific energy e also decreases as the spin gets larger.
In Table I the values of the ISCO parameters, together
with the values of the angular velocity, Ω
2
3 , and the norm
of the velocity vector, u2, are presented for different val-
ues of spin. From these, it is clear that the angular speed
increases with the spin because the radius of the ISCO de-
creases and that the value of u2 decreases, getting closer
to zero (i.e. the particle increases its speed, approaching
the speed of light), becoming first a light-like vector and
after a spacelike vector in the gray region. These results
reproduce those obtained by Zhang et. al. [3].
The values of the ISCO parameters at the point at which
u2 = 0 are
rISCO ≈ 2.5299 lISCO ≈ 1.3227
eISCO ≈ 0.7894 smax ≈ 1.6518 .
s rISCO lISCO eISCO Ω
2
3 u2
-0.9 7.2135 3.8542 0.9528 0.1455 -0.5624
-0.7 6.9807 3.7792 0.9512 0.149 -0.5523
-0.5 6.7294 3.6985 0.9492 0.1530 -0.5405
-0.3 6.4568 3.6111 0.9470 0.1578 -0.5265
-0.1 6.1594 3.5156 0.9443 0.1634 -0.5097
0 6.0 3.4641 0.9428 0.1667 -0.5
0.1 5.8325 3.4097 0.9411 0.1703 -0.4892
0.3 5.4699 3.2906 0.9371 0.1787 -0.4637
0.5 5.0633 3.1533 0.9319 0.1894 -0.4308
0.7 4.6028 2.9901 0.9248 0.2035 -0.3870
0.9 4.0834 2.7871 0.9143 0.2224 -0.3267
TABLE I. Parameters of the ISCO for a spinning particle
moving in the Schwarzschild geometry (a = 0 and Q = 0).
B. Spinning Particle moving in a GMGHS
Background
The GMGHS black hole solution [5–8] is obtained from
the metric (2) by setting a = 0 and non-vanishing values
of the electric charge Q. The ISCO parameters for Q =
0.25, Q = 0.5 and Q = 0.75 are shown in tables II, III and
IV. For a constant value of the electric charge, the ISCO
parameters decrease with a similar behavior as that in
the Schwarzschild background, as shown in Figure 3.
−2 −1 0 1 2
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0
2
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6
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l
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e
Spacelike
rISCO
lISCO
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FIG. 3. ISCO parameters in terms of the spin s for a spinning
test particle moving in the GMGHS background with Q =
0.25.
This time, the superluminal constraint give maximum
values of the particle’s spin depending on the given value
of Q, with the behavior shown in Figure 4. Note that
there is a maximum in the curve around Q = 0.55. In
Figure 5 it is shown the ISCO radius for particles moving
with the maximum spin for each value of the electric
charge and it is compared with the corresponding value
of the event horizon’s radius.
On the other hand, given a fixed value of the particle’s
7s rISCO lISCO eISCO Ω
2
3 u2
-0.9 7.0835 3.8271 0.9522 0.1478 -0.5567
-0.7 6.8519 3.7516 0.9505 0.1512 -0.5469
-0.5 6.6016 3.6703 0.9486 0.1552 -0.5354
-0.3 6.3300 3.5822 0.9463 0.1599 -0.5217
-0.1 6.0335 3.4858 0.9435 0.1655 -0.5052
0.0 5.8746 3.4338 0.9420 0.1687 -0.4956
0.1 5.7075 3.3789 0.9402 0.1723 -0.4849
0.3 5.3458 3.2583 0.9360 0.1807 -0.4595
0.5 4.9402 3.1192 0.9307 0.1915 -0.4267
0.7 4.4815 2.9536 0.9233 0.2056 -0.3828
0.9 3.9660 2.7470 0.9124 0.2247 -0.3223
TABLE II. Parameters of the ISCO for a spinning particle
moving in the GMGHS geometry with a = 0 and Q = 0.25.
s rISCO lISCO eISCO Ω
2
3 u2
-0.9 6.6863 3.7433 0.9504 0.1551 -0.5385
-0.7 6.4585 3.6662 0.9485 0.1584 -0.5298
-0.5 6.2117 3.5830 0.9464 0.1622 -0.5193
-0.3 5.9434 3.4926 0.9439 0.1667 -0.5065
-0.1 5.6500 3.3934 0.9410 0.1722 -0.4907
0. 5.4926 3.3398 0.9393 0.1754 -0.4815
0.1 5.3270 3.2830 0.9374 0.1790 -0.4711
0.3 4.9684 3.1581 0.9328 0.1874 -0.4460
0.5 4.5665 3.0132 0.9268 0.1984 -0.4131
0.7 4.1140 2.8395 0.9185 0.2128 -0.3687
0.9 3.6122 2.6217 0.9062 0.2321 -0.3076
TABLE III. Parameters of the ISCO for a spinning particle
moving in the GMGHS geometry with a = 0 and Q = 0.5
s rISCO lISCO eISCO Ω
2
3 u2
-0.9 5.9960 3.5937 0.9466 0.1694 -0.5038
-0.7 5.7759 3.5136 0.9445 0.1723 -0.4973
-0.5 5.5364 3.4269 0.9421 0.1758 -0.4887
-0.3 5.2749 3.3323 0.9393 0.1801 -0.4775
-0.1 4.9881 3.2278 0.9358 0.1855 -0.4630
0. 4.8338 3.1711 0.9338 0.1886 -0.4543
0.1 4.6715 3.1109 0.9316 0.1922 -0.4442
0.3 4.3196 2.9775 0.9261 0.2009 -0.4194
0.5 3.9265 2.8213 0.9189 0.2122 -0.3860
0.7 3.4884 2.6320 0.9086 0.2273 -0.3403
0.9 3.0171 2.3924 0.8931 0.2474 -0.2778
TABLE IV. Parameters of the ISCO for a spinning particle
moving in the GMGHS geometry with a = 0 and Q = 0.75
spin, the radius of the ISCO decreases for increasing val-
ues of the electric charge. This is shown in Figure 6 for
s = −1, s = 0 and s = 1. Notice that when s = 0 the
intercept is at rISCO = 6 and the Schwarzschild case is
recovered. Therefore, the overall effect of having a higher
value for the black hole’s electric charge is to decrease the
radius of the ISCO.
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FIG. 4. Behavior of the maximum spin smax, given by the
superluminal condition, as function of the electric charge, Q.
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FIG. 5. Radius of the ISCO for particles with the maximum
spin smax moving in the GMGHS background, as function of
the electric charge, Q. For comparison, it is also shown the
radius of the event horizon,rH , for the corresponding value of
Q.
C. Spinning Particle moving in a Kerr-Sen
Background
Now we consider non-zero values for both parameters a
and Q. It is expected that the spin of the black hole must
affect the motion the test particle and thus, modify the
ISCO. The behavior is similar to that in Schwarzschild’s
and GMGHS backgrounds: when increasing the value of
the particle’s spin, the ISCO radius deecrases. However,
there is another interesting result, the increase in the
black hole’s spin, a, makes the ISCO radius to decrease.
The typical behavior of the ISCO parameters with the
Kerr-Sen background is shown in Figure 7 and some of
the numerical results obtained for different combinations
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FIG. 6. Relation between the radius of the ISCO of the spin-
ning test particle in the GMGHS background and the charge
Q for three different values of the spin s.
of the parameters a and Q are reported in Tables V, VI,
VII, VIII.
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FIG. 7. ISCO parameters in terms of the spin s for a spinning
test particle moving in the Kerr-Sen background with a =
0.25 and Q = 0.25. The superluminal constraint is located at
smax = 1.6959.
When comparing our results with those obtained by
Zhang et. al. [3] for the motion of the spinning particle in
the Kerr-Newman background, we note a very important
result: the ISCO radius in the Kerr-Sen background is
always greater than the ISCO radius in the Kerr-Newman
background with the same black hole’s mass M , spin a
and electric charge Q (for example compare our results
with Tables III, IV and V in Ref. [3]). This fact may
provide a method to discriminate one solution from the
other from the observational point of view.
s rISCO lISCO eISCO Ω
2
3 u2
-0.9 6.1729 3.5991 0.9454 0.1685 -0.5059
-0.7 5.9548 3.5188 0.9432 0.1726 -0.4950
-0.5 5.7174 3.4318 0.9406 0.1774 -0.4820
-0.3 5.4583 3.3367 0.9376 0.1832 -0.4662
-0.1 5.1743 3.2316 0.9340 0.1902 -0.4469
0. 5.0220 3.1745 0.9318 0.1943 -0.4357
0.1 4.8620 3.1138 0.9295 0.1988 -0.4231
0.3 4.5173 2.9791 0.9237 0.2095 -0.3931
0.5 4.1376 2.8216 0.9160 0.2231 -0.3549
0.7 3.7270 2.6316 0.9051 0.2404 -0.3057
0.9 3.3084 2.3957 0.8893 0.2616 -0.2449
TABLE V. Parameters of the ISCO for a spinning particle
moving in the Kerr-Sen geometry with a = 0.25 and Q = 0.25
s rISCO lISCO eISCO Ω
2
3 u2
-0.9 4.6663 3.2102 0.9302 0.2159 -0.3997
-0.7 4.4743 3.1201 0.92695 0.2207 -0.3895
-0.5 4.2610 3.0208 0.9228 0.2268 -0.3760
-0.3 4.0250 2.9102 0.9179 0.2345 -0.3587
-0.1 3.7653 2.7855 0.9116 0.2441 -0.3366
0. 3.6266 2.7165 0.9079 0.2498 -0.3234
0.1 3.4823 2.6424 0.9036 0.2562 -0.3086
0.3 3.1802 2.4752 0.8929 0.2711 -0.2740
0.5 2.8719 2.2765 0.8782 0.2890 -0.2326
0.7 2.5813 2.0386 0.8579 0.3091 -0.1866
0.9 2.3336 1.7576 0.8306 0.3297 -0.1404
TABLE VI. Parameters of the ISCO for a spinning particle
moving in the Kerr-Sen geometry with a = 0.5 and Q = 0.5
V. CONCLUSION
The study of the motion of a spinning test particle
in the Kerr-Sen background was done by solving,
numerically, the motion and spin evolution equations,
obtaining the parameters defining the innermost stable
circular orbit. We gave the ISCO parameters for
different background cases, showing their dependence
with the spin of the test particle. In summary this study
yields the following results. The Schwarzschild’s limit of
the Kerr-Sen metric reproduces exactly the previously
s rISCO lISCO eISCO Ω
2
3 u2
-0.9 3.7403 2.9765 0.9186 0.2551 -0.3219
-0.7 3.5671 2.8792 0.9143 0.2595 -0.3157
-0.5 3.3700 2.7706 0.9089 0.2658 -0.3051
-0.3 3.1492 2.6480 0.9021 0.2743 -0.2894
-0.1 2.9062 2.5074 0.8934 0.2853 -0.2681
0. 2.7776 2.4289 0.8880 0.2919 -0.2550
0.1 2.6457 2.3439 0.8818 0.2992 -0.2403
0.3 2.3797 2.1510 0.8660 0.3161 -0.2066
0.5 2.1281 1.9226 0.8447 0.3352 -0.1688
0.7 1.9116 1.6558 0.8165 0.3550 -0.1308
0.9 1.7384 1.3530 0.7808 0.3744 -0.0955
TABLE VII. Parameters of the ISCO for a spinning particle
moving in the Kerr-Sen geometry with a = 0.5 and Q = 0.75
9s rISCO lISCO eISCO Ω
2
3 u2
-0.9 3.9231 2.9779 0.9159 0.2561 -0.3189
-0.7 3.7541 2.8802 0.9113 0.2622 -0.3078
-0.5 3.5605 2.7707 0.9055 0.2703 -0.2923
-0.3 3.3430 2.6465 0.8982 0.2809 -0.2718
-0.1 3.1040 2.5037 0.8886 0.2942 -0.2459
0. 2.9783 2.4237 0.8827 0.3020 -0.2309
0.1 2.8503 2.3369 0.8759 0.3106 -0.2145
0.3 2.5962 2.1400 0.8587 0.3297 -0.1786
0.5 2.3631 1.9075 0.8354 0.3504 -0.1412
0.7 2.1684 1.6380 0.8050 0.3711 -0.1057
0.9 2.0152 1.3340 0.7669 0.3910 -0.0741
TABLE VIII. Parameters of the ISCO for a spinning particle
moving in the Kerr-Sen geometry with a = 0.75 and Q = 0.25
reported results by Zhang et. al. [3] and Jefremov et.
al. [2].
When considering the motion of the particle in the
GMGHS background, it is shown that the ISCO radius is
always smaller than the obtained for the Schwarzschild’s
metric with the same black hole’s mass M . However,
when comparing the ISCO parameters with those
obtained in the Reissner-No¨rdstrom background with
the same mass and electric charge we find that the
ISCO radius in the GMGHS metric is greater than the
corresponding in the Reissner-No¨rdstrom metric [3].
Finally, when considering the general case with
non-vanishing a and Q, we found that increasing spin of
the test particle produces a decrease in the ISCO radius,
consistently with the Schwarzschild’s and GMGHS
cases. When comparing the obtained ISCOs with those
of a particle in the Kerr-Newman background [3]; it is
shown that, in general, the ISCO radius in the Kerr-Sen
background is greater than the ISCO radius in the
Kerr-Newman case.
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APPENDIX
This appendix contains the necessary non-vanishing Riemann components to write the equations of motion (37)
and (38) explicitly.
R3003 =
µ
(
a2 − 2µr + r2
)(
µa2 cos2 θ cosh2 α− µa2 cos2 θ + 3a2r cos2 θ − µr2 cosh2 α+ µr2 − r3
)
sin2 θ cosh2 α(
a2 cos2 θ + 2µr cosh2 α− 2µr + r2)3
(50)
R3113 =
[ (
a2 − 2µr + r2) (2µr cosh2 α+ a2 cos2 θ − 2µr + r2)3 ]−1[3µ sin2 θ[− 4
3
µ3r2 cosh8 α
(
a2 cos2 θ + a2 − 2µr)
− 8
3
µ2r cosh6 α
(
a2 cos2 θ
(
a2 − 5
2
µr +
5
2
r2
)
− 2a2µr + 4µ2r2 − 3
2
µr3 − 1
2
r4
)
+ µ
(
a2 − 2µr + r2)(a4 cos4 θ
+ cos2 θ
(
6a2µr − 5
3
a4 − 5a2r2
)
+
r2
3
(
a2 − 24µ2 + 6µr + 4r2
))
cosh4 α− 2
3
cosh2 α
(
a2 − 2µr + r2)
×
(
a4 cos4 θ(µ− 3r)− 5
2
a2 cos2 θ
[
−r3 + 11
5
µr2 − r
(
9
5
a2 +
14
5
µ2
)
+ µa2
]
+
1
2
r2
(
µr2 +
(
10µ2 − 3a2) r − r3
+ µa2 − 16µ3
))
− 1
3
µ
(
a2 − 2µr + r2) (a2 cos2 θ − 2µr + r2)2 ]] (51)
R3101 = −
[ (
a2 − 2µr + r2) (2µr cosh2 α+ a2 cos2 θ − 2µr + r2)3 ]−1[ 2µ2 cosh4 α (a2r cos2 θ − r3)
+ µ cosh2 α
[
a2 cos2 θ
(
5a2 − 12µr + 11r2)− r2 (a2 − 4µr + 3r2)]− (a2 − 2µr + r2) (a2 cos2 θ(5µ− 9r)
− r2(µ− 3r)
)]
µa sin2 θ cosh2 α (52)
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R1001 =
[ (
a2 − 2µr + r2) (2µr cosh2 α+ a2 cos2 θ − 2µr + r2)3 ]−1[ µ cosh2 α(a4 cos4 θ (µ cosh2 α− µ+ 3r)
− a2 cos2 θ
[
µ cosh2 α
(
5a2 − 8µr + 5r2)+ 7r3 − 17µr2 + r (9a2 + 8µ2)− µa2]
+ r2
(
µa2 cosh2 α− µa2 + 3a2r − 4µr2 + 2r3))] (53)
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